Calculations are presented to show how dynamics of photoexcited electrons depend on electron-electron (e-e) and electron-phonon (e-p) interaction strengths. The observed dependence is universal to most metals, and is also somewhat counterintuitive. For example, the time that high energy electron states remain occupied depends only on the strength of e-e interactions, even if e-p interactions are much stronger. Furthermore, even though only e-p interactions can reduce the total energy stored by hot electrons, the time it takes for energy to leave the electronic subsystem is governed by both e-e and e-p interactions. Finally, the effect of e-e interactions on energyrelaxation is largest in metals where e-p interactions are strongest. We report simple expressions that accurately capture the interplay of e-e and e-p interactions on relaxation rates of the hot electron distribution. These findings are important for understanding ultrafast electron dynamics in a diverse range of fields, e.g. ultrafast magnetism, photocatalysis, plasmonics, and others.
e-p interactions. Finally, we conclude by discussing how our results compare to experiment, and how experimental parameters such as laser fluence and ambient temperature will affect dynamics.
Results
To accurately capture the interplaying effects of electron-electron and electron-phonon scattering on the hot electron dynamics, we solve the equation of motion for the electron distribution function in a simple metal (1) Here is electron's energy, is the e-e collision integral [30] , and is the e-p collision integral [28] . Unlike the commonly used relaxation-time approximation, Eq. (1) accounts for both increases and decreases in due to scattering events. Since we are interested in the timeevolution of the hot electrons, we linearize Eq. (1) by defining the hot electron distribution as . Here is the thermal Fermi-Dirac distribution prior to photoexcitation at 300 K. Further details of our calculation are presented in Supplementary Information.
We evaluate as a function of e-e and e-p interactions strengths, and . As a measure
of the e-p interaction strength, we use ( ) . This is the energy relaxation rate that results from Eq. (1) with the assumption that is a Fermi-Dirac distribution at a temperature above ambient. In other words is the predicted by the two-temperature model [28] . Here, is the 2 nd frequency moment of the e-p spectral function [28] . To measure the e-e interaction strength, we choose the e-e relaxation time for 0.5 eV excitations. This is the lowest ( ) energy where experimental two-photon emission data for electron lifetimes in metals are commonly available [26] . We want the e-e scattering time to be realistic at low excitation energies because E  is most sensitive to e-e scattering at low energies.
Solving Eq. (1) requires initial conditions. We assume photons with energy hv will excite a flat distribution of electrons and holes with concentration 0 1   that extends to an energy hv above and below the Fermi level. Our conclusions do not rely on the assumption that a flat distribution is excited; we obtain similar results if we assume photons with energy hv only excite electrons and holes at energy /2 hv above and below the Fermi level. We limit our focus to photons in the visible spectrum. Our solution of Eq. (1) for ( ) t   yields dynamics that are broadly consistent with prior studies that solved similar rate equations to understand hot electron dynamics in specific metals, e.g. Al, Au, Cu [5, 6, 8, [31] [32] [33] [34] . New to our study is explicit consideration of how dynamics evolve across a wide range of e-e and e-p scattering strengths.
The rate equation for hot electron dynamics (Eq. 1) predicts a cascade process. We summarize the dynamics in Figure 2 by plotting the predictions of Eq. 1 for the total number of hot electrons vs. it is obvious the time-scale for energy transfer from electrons to phonons should depend on e-p scattering strength, the importance of e-e scattering is less straightforward. Unlike e-p scattering,
e-e interactions do not change the total energy in the electronic subsystem. Instead, e-e interactions alter how energy is distribtued across the electronic subsystem. Electron-electron scattering events turn a single electron into three electrons, see Fig. 2 . Three electrons transfer energy to the phonons three times as fast as one electron because they will spontaneously emit phonons three times as often. As a result, both e-e and e-p interactions determine For these metals, the two-temperature model estimate of E  is off by a factor ranging from 1.3 to 3, depending on the ratio / ep ee
In the limit of strong e-e scattering, , the predictions of Eq. 1 converge to the twotemperature model prediction, . In this limit, hot electron relaxation occurs in a two-step process. The first step is e-e scattering drives electrons into a distribution that is nearly thermal. While the two-temperature model will lack predictive power in most systems made up of only one metal, is easier to satisfy in bilayer systems composed of different types of metals.
In a bilayer, if one metal has strong e-e interactions, while the other has weak e-p interactions, e.g.
Pt with Au [19, 35] , then photoexcited electrons in these systems will relax via a two-step process similar to the one described above for two-temperature behavior [19, 21] . First hot electrons will thermalize in the layer with strong e-e scattering. Second, a now thermalized distribution of hot electrons will exchange energy with phonons in the metal layer with weak e-p interactions. Several recent experimental studies have observed two-step dynamics in metal bilayer systems [19, 21, 35 ].
Now we compare our model predictions for for Au and Al with the available experimental values. While a variety of experimental studies are sensitive to the cooling rates of photoexcited electrons [29] , interpretation of such experiments is not straightforward [8, 36, 37] . that are sensitive to hot-electron diffusion [5] . Time-resolved electron-diffraction measurements of Bragg peaks in Al thin films suggest phonons take ~0.3 ps to heat up after photoexcitation of the electrons [36] .
While the present study considers the regime of low laser fluence, we expect that at larger fluence the type of dynamics, and relaxation times, will be different. At higher fluence, the dynamics will be closer to the two-step process described by the two-temperature model. This change occurs because a higher laser fluence requires fewer e-e scattering events to relax photoexcited electrons to a Fermi-Dirac thermal distribution. To understand why, consider an absorbed fluence of 10 mJ m -2 in a 10 nm thick Au film. This energy density spread across a thermal distribution of electrons corresponds to 60 meV per hot electron, much less than eV scale energies of photoexcited  is e-e scattering rate of an electron or hole 0.5 eV away from the Fermi level. In the limit that , e-e scattering is effective at establishing a thermal distribution of electrons before significant energy transfer to lattice. In this limit, the twotemperature model is a valid approximation. We can identify only a few metals that meet this 
 
0.25 (realistic e-e), 0.05 (strong e-e), and 0 (infinite e-e). For the case of infinitely strong e-e scattering, the initial distribution evolves instantaneously into a thermal distribution, which increases the number of hot electrons by a factor of ~16. 
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Model Details
The numerical calculations are based on the rate equation ,
The electron-phonon collision integral can is approximated as .
Here, is the second frequency moment of the Eliashberg function , .
We use the analytic solution for the electron-electron collision integral derived in Ref. [S1] for 
Here, is the Fermi energy, and is the temperature. We show examples of the time-evolution of the occupation vs. energy, , and energy-distribution vs. energy, , in Supplemental Figure 1 . We show dynamics for Cs, Au, and Li, because the metals represent the whole range of dynamics metals will display. The ratio of interaction strengths, , is small, normal, and large in Cs, Au, and Li, respectively.
We have made the following assumptions in our modelling of hot electron dynamics. Eq. 1 assumes the distribution function depends only on energy and time, thereby neglecting variation in angles of the wavevector. When solving Eq. 1 we neglect any rise in internal energy of the lattice, i.e. we assume the heat-capacity of the phonons is infinite. We linearize Eq. (1) by assuming a low fluence for the photoexcitation, , and keeping only terms linear in . We neglect the dependence of the e-p spectral function on electron energy. We neglect the energy dependence of the electronic density of states and the energy dependence of the electron-electron scattering matrix element. By setting the initial distribution to at all energies within of the Fermi-level, we are assuming an energy independent joint-density of states. These latter three assumptions are all related to the energy dependence of the electronic density of states. We discuss these latter three assumptions in more detail below.
First-principles calculations suggest the strength of e-p interactions vary can vary by as much as a factor of five within 2-3 eV of the Fermi-level [S2] . We neglect this energy-dependence in our Equations (4) and (5) are an overly simplistic description of the energy dependence of e-e scattering. By assuming an dependent e-e scattering time, and setting the curvature based on the lifetime of 0.5 eV excitations, we are overestimating the electron-electron scattering rate for higher energy excitations in most transition metals. Transistion metals do not display an energy dependence away from the Fermi-level. This oversimplification will cause a small error for , because the sensitivity to e-e interactions is small. For example, a factor of two error in e-e scattering time at all energies will cause only a 20% error in . Alternatively, is entirely determined by the e-e scattering time of high energy excitations, and therefore the error will be larger.
We assumed the photoexcitation of a metal with photons of energy results in an intial occupation of elecrons and holes that is independent of energy within of the Fermi level. This assumption will effect , but not . is a weighted average of the electron-electron scattering times for high energy excitations. If different states are excited, the weighted average will be different. Alternatively, is not sensitive to whether the initial distribution is broad or narrow because e-e scattering quickly relaxes the intial distribution into a nonthermal distirbution with states occupied closer to the Fermi level.
Approximate Expressions for Time-Scales of the Dynamics
In the main text we provided simple expressions that work for the e-e and e-p interaction strengths observed for most metal systems. Here we present more complicated epxressions that work across the entire range of e-e and e-p scatteirng strengths provided is greater than 0.5 eV. 
Literature Values for Interaction Strengths
The values of e-e and e-p interaction strengths we found in the literature for various metals are reported in Supplemental 
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Ah  = − + what our model predicts due to our model assumptions described above. Table S1 . Literature values for the electron-electron and electron-phonon interaction strengths of various metals. We also include the predictions of Equations S1-S5 for E  of each metal, and Figure S1 . Hot electron distribution (top row) and hot electron energy distribution (bottom row) of cesium at selected times. E-p interactions in Cs are much weaker than e-e interactions. Figure S2 . Hot electron distribution (top row) and hot electron energy distribution (bottom row) of gold at selected times. The ratio of e-p to e-e interaction strength in Au is typical of most metals. Figure S3 . Hot electron distribution (top row) and hot electron energy distribution (bottom row) of lithium at selected times. The ratio of e-p to e-e interaction strength in Li is higher than most metals.
